Millions of people worldwide develop foodborne illnesses caused by Salmonella enterica (S. enterica) every year. The pathogenesis of S. enterica depends on flagella, which are appendages that the bacteria use to move through the environment.
and we construct the following model
FlhD 4 C 2 is degraded by ClpXP. We assume that the complex does not dissociate 91 spontaneously. RflM is produced as a function of FlhD 4 C 2 concentration. All 92 components, including the RflP:FlhD 4 C 2 complex, are assumed to degrade at a small, 93 basal rate, γ i , where i = 1, 2, ..., 5. Degradation rate of RflP:FlhD 4 C 2 complex 0.01 γ 5 Degradation rate of RflM 0.1 δ 1
ClpXP degradation rate of FlhD 4 C 2 0.1
Parameter values were chosen to capture the desired dynamics of the system. Concentration and time both have arbitrary units.
Bifurcation analysis of sub-system model 96 Since some bacteria produce flagella and others do not, we suspect that FlhD 4 C 2 concentration is bistable. We use resultant analysis of the model to determine what parameter regimes support bistability [24] . To apply resultant analysis, we take the model to steady state, reduce the system to a single polynomial in one variable, and perform a rescaling to reduce the number of parameters. We then solve the equation for a rescaled parameter of interest. To find double roots of the first derivative, we then take the resultant of the first and second derivatives of the right side of the equation. The curve in parameter space on which the first and second derivatives have a common root corresponds to the separation between monotonic and triphasic behavior. We first take the model to steady state and find
.
We reduce the number of parameters by taking the rescaling x = k 1 w and letting
We solve for P 2 to find
We define f (w) as
We next use resultant analysis of f ′ (w) and f ′′ (w) to determine when f (w) is 97 monotone and when it is triphasic. The triphasic regions correspond to bistability, and 98 the monotone regions correspond to monostability. 99 We first consider the case in which η 1 = 0 (A 2 = 0), which means that RlfM does not impact flhDC expression. f (w) simplifies to
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We next calculate the resultant of the numerators of the first and second derivatives of f A2=0 (w) using Maple (2019; Maplesoft, Waterloo, ON), and we find
The function R f,A2=0 = 0 separates parameter space into regions for which f A2=0 (w) values that fall to the right of the curve, f (w) is triphasic, and there is bistability.
106
Thus, bistability is possible under constitutive expression of flhDC (i.e. when A 2 = 0). 107
We note that in the case that D = 0, the resultant reduces to
For positive values of A 1 and P 1 , R f,A2=0,D=0 is always negative, and either A 1 = 0 or 108 P 1 = 0 satisfy R f = 0. This indicates that we must have D > 0 to have bistability. In presence or absence of flagella. We note that, as predicted by the resultant analysis, 144 γ 4 > 0 is required for bistability (not shown). 145 We also consider the η 1 = 0 case, which corresponds to a knockout of RflM or FlhD 4 C 2 is bistable for certain regions of ρ 1 and ρ 2 , but the FlhD 4 C 2 production term 149
is not multivalued. In this case, constitutive expression of flhDC can lead to bistable FlhD 4 C 2 levels.
151
In particular, the η 1 = 0 case shows bistability in FlhD 4 C 2 even when the production 152 of flhDC is not multivalued. Therefore, we suggest that RflM knockout cells should 153 still exhibit bistability in the protein level of FlhD 4 C 2 .
154
In anticipation of a need to understand the role of FlhD 4 C 2 degradation, we next shows a cusp bifurcation in the γ 1 -ρ 2 plane. This demonstrates that the bistability 163 previously observed in FlhD 4 C 2 as a function of ρ 2 is sensitive to γ 1 . Referring to Fig 6, we construct the following model
Extended model
As before, we assume that the system is well-mixed, and we model transcription and saturating. We assume that these three components have the same secretion affinity, 189 σ. As in the sub-system model, we assume that every compound, including the 190 complexes, degrade at some basal rate.
191
Model reduction
192
The model involves both protein level dynamics, including binding and degradation, and transcription and translation. We assume that the protein level dynamics occur on a faster time scale than transcription and translation, so we take a quasi-steady-state approximation for the protein level dynamics. We assume that they are at equilibrium. We therefore assume that
meaning that
We also assume that
We now let u = v + c 2 , the sum of [FliT] and [FliT:FlhD 4 C 2 ], so we have
We then assume that
Then we have v = u 1 + κ2x δ2+γ7 , January 21, 2020 13/25 so that
Using the quasi-steady-state approximation, the model no longer includes equations 
HBB model 193 Since little is understood about HBB initiation and construction, we propose a simple model that assumes the environment within the bacteria is well-mixed. We assume that a general HBB protein is produced at a rate that depends on the concentration of FlhD 4 C 2 in the bacterium. Mouslim and Hughes showed that flagella construction requires a threshold of flhDC expression, and, consequently, Class II expression [21] .
This finding suggests that the concentration of HBB proteins must reach some threshold before initiation of HBB construction. We assume that once the concentration of the HBB protein reaches a threshold, nucleation of a HBB occurs, and the free HBB protein concentration drops to zero. The newly nucleated HBB grows by recruiting free HBB proteins until it reaches a threshold level, at which point the HBB is considered complete [28, 29] . Complete HBBs do not recruit free HBB proteins but secrete FlgM, FliD, and FliC, which results in free σ 28 and FliT within the bacterium. Depending on the HBB protein production rate and recruitment rate of incomplete HBBs, the bacteria are capable of growing multiple HBBs simultaneously. Let h be the concentration of free HBB proteins in the bacterium, and b i be the number of HBB proteins in the i th incomplete HBB. We then have
where α 5 is the production rate of free HBB proteins, k 7 is the Michaelis constant for 194 HBB protein expression, r is the recruitment rate of free HBB proteins to incomplete 195 HBBs, k h is the Michaelis constant for HBB protein recruitment, γ 12 is the 196 degradation rate of free HBB proteins, and g i is zero or one, depending on whether the 197 i th HBB is growing. K is the number of incomplete HBBs, K = i g i . The nucleation 198 and completion thresholds are h nuc and h max , respectively.
199
Simulation methods 200 We use the parameters in Table 2 to simulate the model in MATLAB (2019a; 
Results

212
The bistability observed in the sub-system model is maintained in the extended model. 213
Depending on the initial conditions, HBBs are either produced or not. We first assume 214 an initial condition of zero for all components of the gene network. Due to basal In contrast, when we assume a small initial concentration of FliZ and FlhD 4 C 2 ,
219
FlhD 4 C 2 accumulates sufficiently to initiate HBB production ( Fig 8A) , resulting in 220 the production of seven HBBs (Fig 8B) . initial conditions are necessary to stimulate HBB production (solid curve in Fig 9) . Initial conditions to the right of the curve lead to HBB production, while initial conditions to the left of the curve do not.
We next consider the impact of nutrient availability on HBB production by 226 changing the RflP production rate, ρ 2 . We use ρ 2 as a proxy for environmental 227 nutrient conditions in which increased nutrient availability decreases ρ 2 and decreased 228 nutrient availability increases ρ 2 . A 20% decrease in ρ 2 results in the production of 229 eight HBBs (Fig 10A) , which is one more in comparison to the baseline case, whereas 230 increasing ρ 2 by 20% results in no HBB production ( Fig 10B) . impacts the separatrix between no HBB production and HBB production. Increasing ρ 2 by 20% shifts the curve to require larger initial concentrations of FlhD 4 C 2 and FliZ 234 to produce HBBs (dashed curve in Fig 9) . A 20% decrease in ρ 2 shifts the curve such 235 that HBBs are produced under any biologically reasonable initial conditions (not 236 shown).
237
We next investigate the impact of the FliT:FliD production rate, α 3 , on HBB 238 production. Decreasing α 3 results in more HBBs (Fig 11A) , while increasing α 3 results 239 in fewer HBBs (Fig 11B) , in comparison to the case with baseline α 3 . The change in HBB production in response to changes in α 3 suggests that the 241 FliT:FliD concentration, and, consequently, the free FliT concentration, is a key factor 242 in controlling the termination of HBB production. This is exemplified by setting α 3 to 243 zero (Fig 12) . In this case, HBB construction continues indefinitely, which means the 244 repressive activity of FliT on FlhD 4 C 2 is required to stop HBB production. sensitive to γ 1 . As γ 1 increases, the system moves outside the region in parameter 254 space that supports bistability. These results suggest that there is a threshold level of 255 free FliT required to shut-down HBB production.
256
Finally, we investigate the role of Class III regulation of FliZ. In particular, we set ( Fig 13A) , and, as a result, only five HBBs are produced ( Fig 13B) . The reduction in FliZ determines the total number of flagella produced.
